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Large spin current applied to a uniform ferromagnet leads to a spin-wave instability as pointed
out recently. In this paper, it is shown that such spin-wave instability is absent in a state containing
a domain wall, which indicates that nucleation of magnetic domains occurs above a certain critical
spin current. This scenario is supported also by an explicit energy comparison of the two states
under spin current.
PACS numbers: 72.25.Ba, 75.40.Gb
Magnetization dynamics driven by spin torque from a
spin polarized current (spin current) has been studied ex-
tensively after the theoretical prediction [1, 2] that a spin
current can be used to flip the magnetization in pillar (or
spin valve) structures [3, 4, 5, 6, 7, 8]. As a theoretical
framework to describe such current-induced magnetiza-
tion dynamics, Bazaliy, Jones and Zhang (BJZ) [9] de-
rived a modified Landau-Lifshitz-Gilbert (LLG) equation
for a fully-polarized ferromagnet (half metal) with a new
term proportional to j ·∇n. This new term represents
a spin torque that a current of density j exerts on a lo-
cal magnetization n. Later on, it was generalized to the
partially polarized case with an interpretation of j as the
spin current density, js [10, 11]. In the Hamiltonian, the
effect of spin torque appears in a form
HST =
∫
d3x
h¯
2e
js ·∇φ(1 − cos θ), (1)
where θ and φ are polar angles which parameterize n. As
seen from this form, spin current favors a magnetic con-
figuration with spatial gradient, or more precisely, with
finite Berry-phase curvature. It is thus expected that a
large spin current destabilizes a uniform ferromagnetic
state. This is indeed seen from the spin-wave energy
[9, 10, 11],
Ωunik =
KS
h¯
√
(k2λ2 + 1)(k2λ2 + 1 + κ) + k · vs, (2)
where λ =
√
J/K and κ = K⊥/K, with J , K and K⊥
being exchange constant, easy- and hard-axis anisotropy
constants, respectively, of localized spins. The first term
is the well-known spin-wave dispersion with anisotropy
gap. The effect of spin current appears in the second
term as the “Doppler shift” [10], where vs(∝ js) rep-
resents drift velocity of electron spins. For sufficiently
large vs, Ω
uni
k becomes negative for a range of k. This
means that there exist states with negative excitation en-
ergy, indicating the instability of the assumed uniformly-
magnetized state [9, 10, 11]. The true ground state under
spin current, however, remains to be identified.
In this Letter, we point out that possible ground state
is a state containing domain walls. Namely, the energy of
a domain wall becomes lower than the uniform ferromag-
netic state when a spin current exceeds a certain critical
value jcrs . The behavior of nucleated domains depends
much on the magnetic anisotropy parameters; Flowing
domain wall is stable when the anisotropy is of uniaxial
type. For the case of large hard-axis anisotropy, static
domain wall is stable at the nucleation threshold, but
when it starts to flow under larger current, even a state
with a domain wall becomes unstable. The nature of the
resulting state is still unknown.
Our prediction of domain formation by spin current
may be related to the very recent experimental obser-
vations in metallic and semiconducting pillars and films
[12, 13, 14, 15, 16, 17], which suggest spatially inhomoge-
neous magnetization reversal. Domain nucleation is also
suggested by recent numerical simulation [18].
We start by extending the formulation of BJZ [9] to
arbitrary degree of polarization, and derive the effective
Lagrangian for magnetization which is slowly varying in
space and time by assumption. With this effective La-
grangian, we calculate spin-wave dispersion around a do-
main wall solution in the presence of spin current. The
spin-wave Doppler shift term now has the form, k(vs−X˙),
where X˙ is the speed of the domain wall. From this re-
2sult, we find that the spin-wave instability does not occur
around a domain wall for any large spin current if the
anisotropy is of uniaxial type (K > K⊥). This suggests
that the true ground state is a multi-domain state with
domain walls. These domain walls turn out to be flowing
with average speed equal to drift velocity vs of electron
spin determined by the spin current. The stability is then
understood from Galilean invariance, since a domain wall
moving with speed X˙ = vs is equivalent to a domain wall
at rest and in the absence of spin current.
The situation is slightly different in the case of large
hard-axis anisotropy, K⊥ >> K. Domain walls created
by the spin current above jcrs are at rest if the current
is below depinning threshold, jdepins ∝ K⊥λ(> jcrs ). At
higher current, the walls start to flow, but this triggers
another spin-wave instability. Thus multi-domain state
collapses for js > j
depin
s into another new ground state
which is still unknown [19]. We defer this new state to
future studies.
We consider a ferromagnet consisting of localized spins
and conduction electrons. The spins are assumed to have
an easy z-axis and a hard y-axis, and described by the
Lagrangian
LS =
∫
d3x
a3
h¯Sφ˙(cos θ − 1)−HS, (3)
HS =
∫
d3x
a3
{
JS2
2
(∇n)2
+
S2
2
sin2 θ
(
K +K⊥ sin2 φ
)}
. (4)
We have adopted a continuum description for localized
spins, S(x, t) = S n(x, t), with unit vector n(x, t) =
(sin θ cosφ, sin θ sinφ, cos θ) and the magnitude of spin,
S. The J is the exchange constant, and a the lattice con-
stant. The easy-axis (K) and hard-axis (K⊥) anisotropy
constants generally incorporate the effect of demagne-
tizing field. The exchange interaction between localized
spins and conduction electrons is given by
Hˆsd = −∆
∫
d3xn(x, t)·(cˆ†(x, t)σcˆ(x, t)), (5)
where 2∆ and cˆ (cˆ†) are the energy splitting and anni-
hilation (creation) operator of conduction electrons, re-
spectively, and σ is a Pauli-matrix vector. The free-
electron part is given by Hˆ0el =
∑
kσ ǫkcˆ
†
kσ cˆkσ with
ǫk = h¯
2k2/2m. We perform a local gauge transforma-
tion [20, 21] in electron spin space so that the quanti-
zation axis is parallel to S(x, t) at each point of space
and time; cˆ(x, t) = U(x, t)aˆ(x, t), where aˆ(x, t) is the
two-component electron operator in the rotated frame,
and U(x, t) ≡ m(x, t) · σ is an SU(2) matrix with
m(x, t) = (sin(θ/2) cosφ, sin(θ/2) sinφ, cos(θ/2)). The
electron part of the Hamiltonian is now given by Hˆel =∑
kσ ǫkσa
†
kσakσ with ǫkσ = h¯
2k2/2m− σ∆, and the in-
teraction Hamiltonian Hˆint by
Hˆint =
h¯
V
∑
kqαβ
{
Aν0(q, t) +
h¯(2kj + qj)
2m
Aνj (q, t)
}
× aˆ†k+qασναβ aˆkβ
+
h¯2
2mV 2
∑
kqpα
Aµj (p, t)A
µ
j (q − p, t)aˆ†k+qαaˆkα.(6)
Here, Aµ(q, t) =
∫
d3xe−iq·xAµ(x, t) with Aµ(x, t) =
m × ∂µm represents SU(2) gauge field with space (µ =
x, y, z) and time (µ = 0) components.
For slowly varying magnetic configurations, the effec-
tive Lagrangian can be derived by a perturbative expan-
sion with respect to Aµ. This is the gradient expan-
sion. In conformity with LS , we retain terms up to sec-
ond order in spatial gradient or in Ai (i = x, y, z), and
first order in time derivative or in A0. The spin-torque
term,
∑
x
h¯
e js ·Az , arises from the first-order contribu-
tion 〈Hˆint〉. Here js = eV
∑
kσ σ
h¯k
m fkσ is the spin current
density in the rotated frame, with a distribution func-
tion fkσ = 〈aˆ†kσ(t)aˆkσ(t)〉 specifying the state carrying
current. Other terms just give renormalizations of J and
S [20]. The effective Lagrangian is thus given by
Leff = LS −HST. (7)
The second term, given by Eq. (1), with js is identical
to that derived by BJZ [9] for the half-metallic case. It is
seen that spin current favors a finite Berry phase curva-
ture along the current. The modified LLG equation can
be obtained by taking variations of Leff with respect to θ
and φ. It has the same form as in BJZ, and is applicable
to general slowly-varying spin texture, and to the case of
arbitrary degree of polarization.
Let us now study the spin-wave excitation around a
domain-wall solution under spin current by using the
method of collective coordinate [22]. The wall is assumed
to be planar and moving in the direction perpendicular to
the plane (chosen as x-direction). It is convenient to use
a complex field ξ(x, t) = eiφ(x,t) tan θ(x,t)2 to represent
magnetization. We decompose it into the domain-wall
configuration and spin waves around it:
ξ(x, t) = ξdw(x, t) exp
[
2 cosh{(x−X)/λ}
× 1√
L
∑
k
ϕk(x−X)ηk(t)
]
, (8)
where ξdw = exp[−(x − X(t))/λ + iφ0(t)] represents a
domain-wall configuration. The wall position X(t) and
the angle φ0(t) between wall spins and the easy plane
are proper collective coordinates [21, 23, 24, 25, 26].
The spin-wave part is expanded with modes ϕk(x) =
1√
k2λ2+1
(−ikλ + tanh xλ)eikx [23, 26], whose amplitude
ηk precisely corresponds to the Holstein-Primakoff bo-
son. (L is the length of the system in the x-direction.)
3Substituting (8) into (7), we obtain the spin-wave La-
grangian Lsw, up to the quadratic order in η, as
Lsw =
h¯NS
2λ
∑
k
{
i(η∗kη˙k − η˙∗kη)
−2
{
Ω
(0)
k − k(X˙ − vs)
}
η∗kηk
+
vc
λ
(1− 4 sin2 φ0)(η−kηk + η∗−kη∗k)
}
, (9)
where N = 2λA/a3 is the number of spins in the wall (A
is the cross-sectional area of the wall), Ω
(0)
k =
KS
h¯ (k
2λ2+
1 + κ/2) and vc =
λK⊥S
2h¯ . Details of the calculation will
be presented in a separate paper. From Eq. (9), we find
the spin-wave dispersion around a current-driven domain
wall:
Ωdwk =
KS
h¯
{
(k2λ2 + 1)(k2λ2 + 1 + κ)
+ 2κ2 sin2 φ0 cos 2φ0
}1/2
+ k
(
vs − X˙
)
. (10)
The most important difference from the case of uniform
ferromagnet is that the drift velocity vs =
a3
2eS js of spin
current appears as a relative velocity, vs−X˙, with respect
to the moving wall.
Equation (10) shows that the spin-wave energy de-
pends strongly on the wall dynamics (through X˙ and φ0).
From the equations of motion for the domain wall [21],
λφ˙0 + αX˙ = 0 and X˙ − αλφ˙0 = vc sin 2φ0 + vs, where
α ≪ 1 is a damping parameter, we have (1 + α2)X˙ =
vc sin 2φ0 + vs. Neglecting terms of ∼ O(α2), we have,
Ωdwk =
KS
h¯
[{
(k2λ2 + 1)(k2λ2 + 1 + κ)
+ 2κ2 sin2 φ0 cos 2φ0
}1/2
− kλ
2
κ sin 2φ0
]
,(11)
which depends on js implicitly through φ0.
For K > K⊥, it is easy to see that Ωdwk remains pos-
itive for all values of k and js [27]. Thus a domain-wall
state is stable irrespective of the magnitude of the spin
current in this case. This indicates that a uniform fer-
romagnetism collapses into a multi-domain configuration
for js > j
cr
s , where j
cr
s =
2eS2
h¯a3 Kλ(1+
√
1 + κ) is the crit-
ical spin current density for the instability of a uniform
ferromagnet [9, 10, 11]. Since the domain wall flows for
js > j
depin
s ≡ eS
2
h¯a3Kλκ [21], which satisfies j
cr
s > j
depin
s , it
starts to flow as soon as it is created (Fig.1(a)). The
stability of moving domain wall state is natural from
Galilean invariance since domain wall with velocity of
vs is equivalent to the static domain wall without spin
current.
In the opposite case, K⊥ > K, the spin wave shows no
anomaly as long as js < j
depin
s , where the wall remains
static with constant φ0 (= − 12 sin−1(vs/vc)). Hence,
for jcrs < js < j
depin
s (j
cr
s < j
depin
s is realized when
K⊥ > 8K), the static multi-domain state is realized.
In contrast, as soon as the wall starts to move under
larger spin current (js > j
depin
s ), the spin wave becomes
unstable (Eq.(11)). Thus another ground state would ap-
pear. The wavelength of the unstable mode around the
uniform magnetization, k = −(K(K + K⊥)/J2)1/4[11],
suggests that this unknown ground state has a spatial
structure with short length scale of ∼ (KK⊥/J2)−1/4 =
(K/K⊥)1/4λ < λ.
We have thus shown that the spin-wave instability un-
der spin current is avoided by the existence of domain
wall. This may indicate that domain nucleation occurs
under spin current. We cannot, however, answer here
how many domains are created. The above argument
holds for each segment larger than the wall thickness, λ,
and thus the domain wall can be nucleated with spacing
of ∼ λ. For a correct estimate of the spacing, however, we
need to consider the dipolar interaction among domains.
We will not pursue this point in this letter.
We here present a supporting argument for the above
scenario of domain formation by evaluating explicitly
the total energy of a domain wall in the presence of
spin current. We consider only the case K ≪ K⊥ and
jcrs < js ≪ jdepins , where the wall can remain static and
thus the energy comparison has physical meaning. A
static domain wall configuration is given by θ(x, t) =
θs(x) = 2 tan
−1 exp(−x/λ′), φ(x, t) = φs(x), where λ′ =
λ/
√
1 + κ sin2 φ0 includes the effect of contraction of do-
main wall [28] (φ0 ≡ − 12
∫
dxφs(∂xθs) sin θs). Note that
φs(x) is not spatially constant when there is a spin cur-
rent. For large hard-axis anisotropy, K⊥ ≫ h¯a3eS2λjs, sub-
stitution of the static solution θs and φs into the modified
LLG equation leads to φ0 ≃ −(h¯a3/2eS2λK⊥)js ≪ 1.
The total energy, HS+HST, of this static domain wall is
then given by [29]
Edw = HS|θs,φs −
h¯
2e
js
∫
d3xφs∂xθs sin θs
≃ NKS2
[
1− 1
2
(
h¯a3
2eS2
√
KK⊥λ
js
)2]
. (12)
Since the energy Euni of the uniform state is zero inde-
pendently of js, we find that Edw < Euni when js >
2eS2
h¯a3
√
2KK⊥λ (Fig.1(b)). This critical value is of the
same order of magnitude as jcrs for K⊥ ≫ K. Thus, the
uniformly magnetized state is a ‘false vacuum’, which
collapses into a multi-domain state via first order phase
transition under spin current above a critical value.
The domain formation may be understood from the
spin wave around uniform ferromagentism. In fact, the
spin wave energy, Ωunik , given by Eq. (2), indicates that
the typical wavelength of the spin wave excitation (deter-
mined by the minimum of the spin wave energy) is given
by k−1 ∼ −λ2(√1 + κKS)/(h¯vs) for small js. As the
current increases, the wavelength becomes shorter and
4the critical current is given by the condition it becomes
comparable to the wall thickness.
The above estimate of the critical current density ob-
tained for a planar wall would be applicable also to the
case of nucleation in films such as in Ref.[15], at least for
an estimate of order of magnitude.
Let us estimate the critical current numerically. The
magnitude of the current needed for nucleation in a wire
is estimated as js ∼ 3 × 1013 A/m2 by using the materials
parameters of Co: a = 2.3 A˚, S ∼ 1, J = 3 × 10−40 Jm2,
K = 6.2 × 10−24 J, (λ =
√
J/K = 76 A˚), under the
assumption that K⊥ is mostly due to the demagnetizing
field, K⊥ = M2s a
3/µ0 = 3 × 10−23 J. Recent experi-
ment on a Co layer with a current through a point con-
tact with domain suggests a domain wall formation for a
maximum current density close to the contact region of
j ∼ 5× 1012−13 A/m2 [13, 14, 15]. This value is in rough
agreement with our estimate. Other recent experiments
on metallic and semiconducting pillar structures indicat-
ing inhomogeneous magnetization reversal may also be
due to domain (or domain-like) structure created by spin
current [12, 16, 17].
The authors would like to thank T. Yang, T. Kimura,
H. Ohno, T. Ono and Y. Otani for showing experimen-
tal data and valuable discussions. This work is partially
supported by Grant-in-Aid of Monka-sho, Japan. G.T.
thanks Mitsubishi foundation for financial support.
[1] J. C. Slonczewski, J. Magn. Magn. Mater. 159, L1
(1996).
[2] L. Berger, Phys. Rev. B 54, 9353 (1996).
[3] J. Z. Sun, J. Magn. Magn. Mater. 202, 157 (1999).
[4] E. B. Myers, D. C. Ralph, J. A. Katine, R. N. Louie, and
Buhrman, Science 285, 867 (1999).
[5] J. A. Katine, F. J. Albert, R. A. Buhrman, E. B. Myers,
and D. C. Ralph, Phys. Rev. Lett. 84, 3149 (2000).
[6] J. Grollier, V. Cros, A. Hamzic, J. M. George, H. Jaffre`s,
A. Fert, G. Faini, J. Ben Youssef, and H. Legall, Appl.
Phys. Lett. 78, 3663 (2001).
[7] M. Tsoi, V. Tsoi, J. Bass, A. G. M. Jansen, and P.
Wyder, Phys. Rev. Lett. 89, 246803 (2002).
[8] S. I. Kiselev, J. C. Sankey, I. N. Krivorotov, N. C. Em-
ley, R. J. Schoelkopf, R. A. Buhrman, and D. C. Ralph,
Nature (London) 425, 380 (2003).
[9] Ya. B. Bazaliy, B. A. Jones, and Shou-Cheng Zhang,
Phys. Rev. B 57, R3213 (1998).
[10] J. Ferna´ndez-Rossier, M. Braun, A.S. Nu´n˜ez and A. H.
MacDonald, Phys. Rev. B 69, 174412 (2004).
[11] Z. Li and S. Zhang, Phys. Rev. Lett. 92, 207203 (2004).
[12] J.-E. Wegrowe, D. Kelly, Y. Jaccard, Ph. Guittienne, and
J.-Ph. Ansermet, Europhys. Lett. 45, 626 (1999).
[13] Y. Ji, C. L. Chien, and M. D. Stiles, Phys. Rev. Lett. 90,
106601 (2003).
[14] T. Y. Chen, Y. Ji, and C. L. Chien, Appl. Phys. Lett.
84, 380 (2004).
[15] T. Y. Chen, Y. Ji, C. L. Chien, and M. D. Stiles, Phys.
Rev. Lett. 93, 026601 (2004).
[16] D. Chiba, Y. Sato, T. Kita, F. Matsukura, and H. Ohno,
cond-mat/0403500.
[17] T. Yang, T. Kimura, and Y. Otani, preprint.
[18] A. Thiaville and Y. Nakatani, private communication.
[19] Numerical simulation observed dynamical and chaotic
domain pattern [18].
[20] G. Tatara and H. Fukuyama Phys. Rev. Lett. 72, 772
(1994); J. Phys. Soc. Jpn. 63, 2538 (1994).
[21] G. Tatara and H. Kohno, Phys. Rev. Lett. 92, 086601
(2004).
[22] R. Rajaraman, Solitons and Instantons (North-Holand,
Amsterdam, 1982).
[23] H.-B. Braun and D. Loss, Phys. Rev. B53, 3237 (1996).
[24] S. Takagi and G. Tatara, Phys. Rev. B54, 9920 (1996).
[25] J. Shibata and S. Takagi, Phys. Rev. B62, 5719 (2000).
[26] J. Shibata and S. Takagi, Phys. Atom. Nucl. 64, 2206
(2001).
[27] In fact, Ωdwk vanishes when f(x) ≡ (x+ 1)(x+ 1 + κ) −
κ
2
4
x sin2 2φ0+2κ
2 sin2 φ0 cos 2φ0 = 0, where x ≡ (kλ)2(≥
0). At x = 0, f(0) = 1 + κ + 2κ2 sin2 φ0 cos 2φ0 and is
positive if κ < 1 irrespective of φ0. Noting that f(x)
in x ≥ 0 is an increasing function of x for (0 ≤)κ <
2(1 +
√
3), we see that Ωdwk > 0 if κ < 1.
[28] H.-B. Braun, J. Kyriakidis and D. Loss, Phys. Rev. B56,
8129 (1997).
[29] In this calculation, we have performed the integration by
parts with respect to x in the spin-torque term of Eq.(7)
before substituting the static solution, θs and φs.
js
Euni = 0 j
cr
s
Uniform Ferro.
E
0
jdepins
(static)
js
jcrs
DW pinned
jdepins
DW Flow
Uniform Ferro.
Multi Domain
0
>K?(a)
(b)
(moving)
  Multi 
Domain
Edw 1 à
jcrs
js
ò ó2
/
2
1
jcrs '
~a3
2eS2
KK?
p
õ8KK? ü
ø
K
FIG. 1: Schematic phase diagram under spin current js in
the absence of pinning potential. (a) K⊥ < K. Above j
cr
s ,
uniform ferromagnetism collapses into multi-domain structure
in which domain walls are flowing due to spin current. The
threshold, jdepins , for ”depinning” from K⊥ is below j
cr
s . (b)
K⊥ ≫ 8K. Energy of the single-wall state (Edw) is com-
pared with that of the uniformly magnetized state, Euni = 0.
Multi-domain state here remains at rest. In the gray region,
(js > j
depin
s ), the domain wall starts to flow but is unstable,
suggesting a new ground state.
